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A previously developed serf-consistent field theory to describe the equilibrium properties of lipid-like membranes is 
extended to allow the presence of inhomogeneities parallel to the membrane. Conformations of lipid molecules and 
foreign ('guest') molecules in the membrane are obtained by step-weighted random walk generation of the chains on a 
lattice, where the theory is made two-dimensional to account for the parallel inhomogeneities. No pre-assigned positions 
of the head groups, or other parts of the molecules, are introduced. Nearest neighbor interactions are accounted for 
through Flory-Huggins type interaction parameters. The theory is applied to the incorporation of trans-membrane 
molecules and conditions for channel formation are discussed. Lateral phase separation in membranes consisting of 
non-mixing lipids is also considered. Water only slightly enriches the boundary between the two lipid regions. The 
aliphatic chains are very well able to smoothly cover inhomogeneities in the bilayer. No indications of instability of the 
membrane due to the induced inhomogeneities are found. 

Introduction 

The structure of proteins in membranes is of great 
biological interest. Various statistical mechanical theo- 
ries of l ipid-protein interactions have been developed. 
Mar~elja [1] modeled proteins as big rigid and structure- 
less molecules which were surrounded by lipids arrang- 
ing in two-dimensional hexagonal lattices and studied 
the ordering of the lipids around protein molecules. 
Similarly, SchrSder [2] derived a differential equation to 
describe the change in order parameter when protein 
molecules are introduced into a lipid continuum. A 
more detailed microscopic model presented by Pink and 
co-workers [3,4] includes specific l ipid-protein interac- 
tions that depend on the conformational state of the 
individual lipids. This model does not have molecular 
picture of the protein and requires many adjustable 
parameters. Scott and Coe [5] studied the effect of 
different l ipid-protein interactions on the thermody- 
namic properties of the membrane. In this approach, 
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the protein is again considered as essentially structure- 
less. 

In the model of Widom [6] the molecules are AA, 
AB, and BB dimers arranged on a two- or three-dimen- 
sional lattice so that only A ends or only B ends meet at 
any one lattice site. This is equivalent to an infinitely 
large repulsion between A and B segments. The mole- 
cules are self-assembling and the aggregates can have 
any shape. The addition of a bending energy enables the 
construction of phase diagrams of microemulsions. For 
the study of protein-l ipid interactions in membranes 
this model is not sufficiently detailed. 

More detailed information on the conformations of 
amphiphilic molecules in bilayers is obtained by self- 
consistent field (CSF) theories [7-10]. In most tradi- 
tional models the head groups of the molecules are 
assumed to be fixed in parallel planes [7-9] and thus 
the establishment of thermodynamic equilibrium with 
the bulk solution is lost. Instead, it is usually assumed 
that water molecules are absent from the hydrophobic 
center of the bilayer and the membrane area per lipid 
molecule acts as a parameter which determines directly 
the bilayer thickness and indirectly the order parame- 
ters. 

We introduced a more advanced self-consistent field 
lattice theory of lipid bilayer membranes [10-15]. In 
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this theory the molecules are not attached to any plane 
or site. Also, we do not use any adjustable parameters. 
The structure of the bilayer is entirely determined by 
the solution properties of the molecules. Characteristics 
such as the area per molecule, the position of the head 
groups, the amount of water in the center of the bilayer, 
and bending energies are predicted by the model. In this 
theory Flory-Huggins type approach is used, i.e., com- 
bining Markov-type chain statistics with a local mean 
field approximation. All conformations are generated in 
a self-consistent potential field. The statistical weight 
per conformation is determined by using Boltzmann 
statistics, where the self-induced potential of mean force 
is a function of segment density profiles and Flory-Hug- 
gins interaction parameters. The membrane is stable 
due to the low water solubility of the apolar tails and 
the hydrophilic nature of the head groups. We use only 
three pair interaction parameters. The net repulsive 
interaction between apolar tail segments (A) and water 
(W), due to the hydrophobic effect, is responsible for 
the aggregation of the molecules. The net repulsion 
between head groups and tails leads to expulsion of 
head groups from the center of the membrane,  and 
avoids a macroscopic phase separation. With these two 
parameters the assumption of a fixed position of the 
head groups is unnecessary. The third interaction 
parameter  accounts for a net attraction between head 
groups and water (or, equivalently, a mutual repulsion 
between head groups). This parameter  can only affect 
the details of the membrane structure. The effect of 
these parameters are shown in Refs. 12 and 13. 

Molecular dynamics simulations and Monte Carlo 
methods are suitable for testing model predictions that 
cannot be verified experimentally. However, these com- 
puter experiments are very expensive and cannot reach 
equilibrium for complicated systems. Egberts and 
Berendsen [16] presented new molecular dynamics simu- 
lations on lipid bilayers and their results did not sup- 
port the correlation between tail conformations found 
previously when the head groups were attached to (elas- 
tic) planes [17]. A simple version of our model [10] fits 
their data better than other available models. A detailed 
comparison between the SCF method and Monte Carlo 
simulation has been made by Wang and Rice [18]. An 
excellent agreement has been shown. 

One strong point of our theory is that it can be used 
to examine a large variety of interfacial problems. We 
successfully modeled the polymorphism of surfactant 
micelles [11,15], investigated the entropy-energy balance 
in bilayer membranes composed of lecithin-like mole- 
cules [11,12], studied the free energy of curvature of the 
bilayer from lecithin vesicles [11,13], predicted the gel to 
liquid phase transition in lipid bilayer membranes 
[11,14]. In principle the theory can be used for micro- 
emulsions, surfactant adsorption, additives in mem- 
branes, etc, as well. 

Flory-Huggins x-parameters  are used to describe the 
nearest neighbor interactions. These parameters have 
the advantage that they can be measured and tabulated. 
However, their value depends somewhat on the model  
used. Originally, only enthalpic interactions were 
accounted for in a x-parameter.  Entropic contributions 
like vibrations, rotations, etc. had to be modeled sep- 
arately. It is now a common practice to consider X" 
parameters as free energies which include a part  of the 
mixing entropy. This makes it more difficult to calculate 
x-values frc;m the first principles, but it eliminates the 
need to explicitly model and evaluate these entropies. 
Other than temperature dependent, nonlinear entropy 
contributions such as the effects of free volume, ex- 
cluded volume and long range interactions that are not 
properly accounted for in the Flory-Huggins approxi- 
mation, can also affect the value of a x-parameter.  For 
quantitative predictions it is expedient to use a con- 
sistent set of x-parameters,  i.e., the same parameter  
values for the same class of models. 

One of the drawbacks of the Flory-Huggins theory is 
that it does not take into account the local fluctuations 
in the concentration so that it applies best to con- 
centrated solutions of (chain)molecules. In the self-con- 
sistent field theory this drawback is drastically reduced 
by allowing concentration gradients in one direction. 
We have shown that disallowing chain backfolding es- 
sentially affects the membrane  thickness only by a 
constant factor [12]. This factor is around 1.4 if the 
number of segments per chain is kept constant, but as 
the number  of segments per chain and hence their size 
should be rescaled in order to preserve the total flexibil- 
ity of the chain, a more rigorous correction would 
probably reduce this factor to about unity. 

In the theories presented so far all properties are 
averaged over lattice planes parallel to the membrane 
(mean field approximation).  In the present paper, this 
restriction is relaxed, i.e., parallel inhomogeneities are 
now allowed and the incorporation of foreign sub- 
stances like t rans-membrane proteins can be mimicked. 
To achieve this, we develop a modified Markov ap- 
proach for generating the conformations of the chain 
molecules. Segment density gradients are accounted for 
in two directions and a mean field approximation is 
applied in the remaining dimension. 

To the authors'  knowledge no rigorous statistical 
thermodynamical analyses of the complex m e m b r a n e -  
protein interactions are available. Neither Monte Carlo 
nor molecular dynamic techniques can take into account 
the conformational freedom of both the protein and the 
lipid molecules at the same time. This is due to the 
extremely long computer  time needed to solve the prob- 
lem rigorously. At present only statistical mechanical 
techniques based on a self-consistent field are viable 
approaches to give information on these matters. In the 
following part  we will discuss a first approach of a 
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theory designed for this goal. For clarity, the model will 
be presented in its simplest form for membranes in the 
fluid state. Although we do not yet take all specific 
interactions into account, the results give at least some 
semiquantitative insight into the subtle energy balances 
which are responsible for the high diversity of mem- 
brane systems. An additional feature is that the equi- 
librium conformation of the protein (modeled as a 
linear copolymer) is not pre-assigned but follows from 
the computations. 

It is straightforward to incorporate the modifications 
that have been developed in papers [12-14] into the 
present model, based on Ref. 10. Nagle et al. [19] have 
suggested the introduction of Van der Waals attraction 
and other long range mean field interactions in lattice 
model. These interactions can simply be added to the 
nearest neighbor interactions. More essential for the 
present purpose is to incorporate parallel heterogenei- 
ties into our model, i.e., to change the theory from 
one-dimensional to two-dimensional. 

An introduction into the model is given in Ref. 10. 
The next sections follow roughly the first part of Ref. 13 
with slightly modified equations to allow for lateral 
concentration gradients. We give some typical results to 
illustrate the potentials of the model. Two examples of 
trans-membrane copolymer interactions are presented 
which demonstrate that the boundary layer of lipids 
between the membrane and the polymer molecules de- 
pends strongly on the strength of the interaction be- 
tween the apolar segments of the copolymer and those 

of the lipid molecules. Under certain conditions the 
polymer can form a channel through the membrane. 
The last example shows a lateral phase separation in a 
two-component lipid bilayer. We think that the ob- 
served trends are realistic, even if quantitative predict- 
ions cannot be expected at the current state of the 
model. 

Self-consistent field theory 

A well-known theory to describe polymer solutions is 
due to Flory and Huggins (FH) [20]. This theory makes 
use of a lattice on which the polymer chain segments 
are placed using a first order Markov approximation. 
This means that a random walk approximation is ap- 
plied in which the 'history'  of the chain is only one step 
(segment) long. Backfolding to previously occupied 
lattice sites is allowed. Further, a mean field approxima- 
tion over the whole homogeneous system volume is 
applied. The homogeneity in three dimensions is il- 
lustrated in Fig. la. With these approximations the 
partition function of a collection of chains on the lattice 
can be worked out analytically. 

Scheutjens and Fleer (SF) extended the FH ap- 
proach, and proposed a statistical mechanical model for 
homopolymer adsorption [21,22]. The SF approach 
makes use of modified Markov statistics in which inho- 
mogeneities in one dimension (normal to the adsorbent 
surface) are allowed, while the mean field approxima- 
tion in the other two dimensions is maintained. These 

Fig. 1. Lattices used for: (a) FH theory, (b) SF theory, (c) 2D SF theory. The mean field approximation is applied over the whole space, within each 
lattice layer, and within each lattice ring, respectively. 
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two dimensions are sketched in Fig. lb.  Because seg- 
ment density gradients in one direction are accounted 
for, the SF-theory may be called 'one-dimensional ' .  The 
partition function for these systems is available but can 
no longer be optimized analytically. Instead, the prob- 
lem is reduced to a set of implicit equations which can 
be solved with standard numerical techniques. For ad- 
sorption from monomeric mixtures the theory reduces 
to the regular solution model of Ono and Kondo [23]. 
One of the advantages of this approach over Monte 
Carlo and molecular dynamics is that the computation 
times are only linearly proportional to the chain length 
of the polymer. Because of this low dependence of 
computation time on chain length, there are no prob- 
lems to extend the theory to include an arbitrary num- 
ber of different types of molecules. The theory has been 
extended to describe membrane systems [10]. 

Another advantage of the great computational ef- 
ficiency is that a two-dimensional extension of the SF 
theory is feasible. To this end the lattice layers are 
divided into concentric equidistant rings. The rings in 
the various layers form cylinders and, for that reason, 
cylindrical co-ordinates are introduced. A similar 
Markov process is now applied in two directions, and 
the mean field approximation is applied only in each 
individual ring. In this way, the segment density gradi- 
ents in the normal (z)  and the radial (R)  direction can 
be monitored. Thus the one-dimensional SF theory be- 
comes two-dimensional. Fig. lc  shows a lattice repre- 
senting the 2D modification of the SF theory. Con- 
centric rings are drawn around a given point in succes- 
sive flat planes. The flat layers are numbered z = 
1 , - - - ,  Ms, where the z-direction is normal to the plane 
of the membrane, and the cylinders are numbered R = 
1,. •. ,  MR, at layers z = 1, z = M z, and R = M R reflect- 
ing boundaries are introduced. We note that M s and 
M R are preferably chosen so large that their precise 
positions are immaterial. In this way a virtually in- 
finitely large system is simulated. In each layer z the 
number of lattice sites from the center up to ring 
number R is: 

A(R) = ~'R 2 (1) 

The number of lattice sites is given by: 

L(R) = A ( R ) -  A (R-1 )  (2) 

The outer surface area of the ring with radius R is 
found by differentiation of Eqn. 1 with respect to R: 

S ( R )  = 2~R (3) 

In this way, S ( R )  is expressed in units of the face of a 
lattice site. 

For the modified Markov-type statistics we need step 
probabilities for going from any given lattice site to any 

neighboring one. We allow steps down (to lower z), up, 
or in the same layer, and simultaneously we allow steps 
inward (to lower R), outwards, or in the same shell. We 
will make use of a hexagonal lattice with a coordination 
number Z = 12. ( Z  is assumed constant throughout the 
lattice.) The fraction of neighboring sites in the previous 
layer in the z direction is ~,_l(z) -- 1 / 4  and that in the 
following layer is ?~l(z) = 1 /4 ,  leaving for the fraction 
of the neighboring sites in the same layer ~.o(Z)= 1/2.  
These fractions can be considered a priori step probabil- 
ities, as they are solely defined by the geometry of the 
lattice and do not depend on the local interaction 
energies. For a step inwards or outwards the probabili- 
ties will depend on R. We choose these step probabili- 
ties proportional to the surface area of the face of the 
lattice site that is crossed if the step is made: 

1 S(R -1 )  
X_,(R) 4 L(R)  

? , 0 ( R )  = 1  - 3, , ( R ) -  X l ( R  ) (4)  

1 S ( R )  
X~(R) 4 L(R) 

Now, a down-inward step will have a priori probabil-  
ity X l_ l (z ,  R ) = X _ I ( z ) X _ I ( R  ). Similar equations 
hold for the other eight step directions. 

Special attention is required for defining the 
boundary conditions in the system. As far as the z-di- 
rection is concerned, reflecting boundaries have been 
introduced at layers z = 1 and z = M s. This is realized 
by demanding identical behavior of layers z = 0 and 
z = 1 on the one side of the system, and similarly of 
layers z = M s and z = M z + 1 on the other side of the 
system. For each chain leaving the system, i.e., across 
the boundary, we demand another chain from outside 
entering the system across the same boundary. A re- 
flecting boundary introduces a symmetry-plane into the 
system. At the center R = 0 no lattice sites are available 
and the boundary is already specified by the step prob- 
abilities (no chains can leave the lattice at this side). 
However, the boundary between the cylinders M R and 
M R + 1 is less trivial. Again a reflecting boundary be- 
tween two cylinders is assumed, i.e., L ( M  R + 1) and the 
a priori step probabili ty for a step out of the system at 
this boundary is assumed to be the same as the a priori 
step probabili ty into the system. We can expect errors 
caused by this idealized boundary when density gradi- 
ents in the R direction are present near M R. To mini- 
mize such artifacts, M r is chosen so large that these 
inhomogeneities are negligible. Physically, this corre- 
sponds with the assumption that the lateral inhomo- 
geneities are spatially remote from each other. In terms 
of the membrane-pro te in  interaction, the proteins or 
the clusters in the membrane  are very dilute and may 
not interact with each other. 



Chain distributions in two dimensions 

The chain molecules consist of segments with rank 
s = 1,- • -, r. The segments are not necessarily identical. 
Although we will present results for branched lecithin- 
like molecules, we discuss for the sake of presentation 
only the distribution of linear chains in the present 
section. When the molecules are branched the statistics 
are somewhat more involved but this complications has 
already been worked out [11,12]. 

To find the distribution of the chain molecules, the 
statistical weight of each individual conformation must 
be known. A conformation of a molecule is defined by 
the sequence of coordinates (z, R) where the consecu- 
tive segments are situated. In general, each conforma- 
tion is degenerate: various spatial configurations can 
have the same conformation. 

A step-weighted random walk approximation is used 
for generating systematically all conformations of the 
chain molecules on the lattice. In the present approxi- 
mation backfolding is allowed. The random walk ap- 
proximation can be mathematically expressed in a re- 
currence relation which 'elongates' a chain of s seg- 
ments into a chain of s + 1 segments. Each elongation 
step from (z ' ,  R ' )  to (z, R) in a random walk is 
we igh ted  by  its a p r io r i  step p r o b a b i l i t y  
~,_z.R,R(Z, R), multiplied with a factor accounting 
for the potential of mean force experienced by the 
segments. This latter weighting factor (also called free 
segment weighting factor) is, for a given segment s, only 
a function of the position and type of the segment in 
the system: G(z, R, s). When a segment is in a chain it 
possesses two bonds to neighboring segments. Bond 1 
points towards a segment with lower rank and bond 2 
points to a segment of higher rank. End segments have 
only one bond. The bonds of segment s are indicated 
by subscripts. For example, s( indicates that segment s '  
has only a bond of type 1, implying that it is an end 
segment. We define the chain end distribution function 
G(z, R, sl) as the weighting factor for segment s in 
position (z, R)  subject to the requirement that bond 1 
is connected to the remainder of the chain. With this 
chain end distribution function, the recurrence equation 
can be expressed as: 

G(z,R,s,)=G(z,R,s)EE~.z,_~.R,_R(z,R)G(z',R',s~) (5) 
z p R t 

In this equation bond 1 of segment s is connected to 
bond 2 of segment s'. Segment s is now the end of the 
chain. The recurrence relation is initiated at the first 
segment of the chain and, as G(z, R, 11) = G(z, R, 1), 
only the free segment distribution functions and the a 
priori step probabilities need to be known to calculate 
all chain end distribution functions. 

Scheutjens and Fleer [21] have shown that by combi- 
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nation with the complementary chain end distribution 
functions (the ones started at the other end of the chain, 
G(z, R, s2), obtained from Eqn. 5 by replacing sub- 
scripts 1 by subscripts 2) individual segment density 
profiles can be obtained from a composition formula 
which couples these two chain parts: one with s seg- 
ments and the other with r - s + 1 segments: 

t~ (Z ,  R ,  s12 ) = C G ( z ,  R ,  s12 ) 

=CG(z, R, Sl)G(z, R, s2)/G(z, R, s) (6) 

Here, the division by G(z, R, s) is introduced to 
correct for double counting of the overlapping segment 
and C is a normalization constant. For  a given segment 
density q~b of the molecules in the bulk solution C = 
epb/r. Alternatively, when the total number of molecules 
n =EzERS".sL(R)eo(z, R, s) in the system is known, 
C=n/G(rl) ,  where G( r l )=~ ,z~ ,RL(R)G(z ,  R, rl) is 
the total statistical weight of all chains in the system. 

Free segment distribution functions have been de- 
rived before [11,12] and can be generalized to cover the 
present 2D analysis. They are Boltzmann factors con- 
taining the potential of mean force which depends on 
the local segment densities. A typical free segment 
distribution function depends on a hard core potential, 
u'(z, R), independent of the segment type, and on 
interactions specific for a given segment type. When 
segment s is of type x then'G(z,  R, s) = Gx(S, R), and 

u'(z, R) _~-,Xxy((q~y(Z" R)>- qP)} Gx(Z, R) =exp kT 
Y 

(7) 

Here, x and y represent the natures of the segments 
(for instance we represent the solvent by W, apolar 
segments by A, polar segments by B, etc.). The sum y is 
over all segment types. The quantity Xxy is the well 
known Flory-Huggins interaction parameter which gives 
the pair energy difference in excess of the sum of those 
for the pure components. Therefore, only dissimilar 
contacts (x 4:y)  have a non-zero X value. In the angu- 
lar brackets in Eqn. 7, local averaging of the segment 
densities around a site at (z, R)  is performed to obtain 
the appropriate average number of direct contacts: 

(q~(z, R))=EEXz,_,.w_R(z, R)qJ(z', R') (8) 
Z r R t 

The potentials of mean force u'(z, R) in Eqn. 7 are 
originated from local hard core interactions ('excluded 
volume' or 'lateral pressure') and are introduced in the 
derivation as Lagrange multipliers. The reference state 
is the bulk solution, so that u ' b =  0. Similar quantities 
are introduced as - k T  In ct by Gruen [7] and as 
- k T  In q by Marqusee and Dill [8]. 

The set of Eqns. 5 -7  cannot be solved analytically. 
To compute the segment density profiles (Eqn. 6) all 
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chain end distribution functions must be calculated 
(Eqn. 5). This is possible only when the free segment 
weighting factors (Eqn. 7) are known. These factors, in 
turn, depend on the segment density profiles (Eqn. 6) 
and u'(z, R). Their values are found by numerical 
iteration, using the boundary condition that in each ring 
all lattice sites should be filled (packing constraint), i.e., 
Exq,x(z, R ) =  1 for all z and R. The total number of 
unknown variables Gx(Z, R) is equal to the total num- 
ber of equations and boundary conditions. The set of 
implicit equations are solved by standard numerical 
methods [11,12]. 

It may be illustrative to express u'(z, R) more ex- 
plicitly. This is possible when a monomeric molecule, 
say water (W), is present. The volume fraction of W is 
obtained from Eqn. 6 as ~w(Z, R ) =  ~bwGw(z, R). In 
combination with Eqn. 7 we find directly u'(z, R ) / k T  
-- - l n ( ~ w ( Z ,  R)/q~ b )  - XAW[(~A(Z, R) )  -- q)~] -- 
Xaw[(q~B(z, R) )  -q ,~] .  If we now substitute the pack- 
ing constraint q,w(Z, R)  = 1 - q,A(Z, R) - q~a(z, R), we 
see that the potential of mean force u'(z, R) increases 
to infinity as ~A(Z, R ) +  ~a(z,  R) approaches unity. 
This has the effect that this parameter  controls the total 
density of molecules at (z, R). The final values of 
u'(z,R) are usually a few tenths of a kTor less and can 
be positive as well as negative (with respect to the bulk 
solution). 

The first-order Markov approach as discussed above 
is not very accurate for describing small chain mole- 
cules. For a better representation, a rotational isomeric 
state scheme which prevents the chain from direct back- 
folding can be applied [11,12]. However, the results are 
not affected qualitatively. When several segments of the 
chains are grouped in so-called statistical chain ele- 
ments and the parameters are properly scaled, this 
problem is relaxed. In this paper, we choose the latter 
approach because much detail is irrelevant for the pre- 
sent purpose. The larger the segment size, the lower the 
resolution of the calculations. As a compromise, a stat- 
istical unit is chosen to be about three CH 2 segments 
long. Obviously, the energy parameters must be scaled 
to the segment size. 

Reflect ing boundaries 

The reflecting (periodic) boundaries are realized by 
setting Gx(z, r ) = G x ( 1 - z ,  R)=Gx(2M z+ l - z ,  R) 
--- G (z, 2 M R + 1 - R)  for all z and R. Membranes are 
generated near one of the boundary layers. As a conse- 
quence, membranes obtained in this way are symmetri- 
cal with respect to their midplane. In addition to reduc- 
ing computation time (only half of the membrane has to 
be calculated) this boundary condition is also used to 
fix the lattice on the membrane.  Translational freedom 
of the membrane in the system is disregarded because it 
is irrelevant for the present issue. Similarly, the lateral 

inhomogeneities are restricted to a region around the 
center of the lattice (near R = 1). Consequently, the 
translational entropy, originating from the distribution 
of the inhomogeneities along the bilayer is neglected. 
When necessary, such entropy terms can be included 
[11,151. 

Results  and Discuss ion  

Basic membrane structure 
To start the analysis we first describe the segment 

density profiles of a membrane  composed of lecithin 
molecules. For a lecithin molecule, the following archi- 
tecture is chosen: 

Ap - B - A  
I 

Ap - B - A  
I 

A-nq 

(9) 

Here, p is the number  of statistical units (each 3 
CH 2 units long) of apolar tail segments A, and q is the 
number of polar head group units B. Near  the glycerol 
backbone the statistical units are a little unrealistic. 
Also, we will neither model any details in the head 
group itself, nor account for the larger volume of the 
CH 3 end groups as compared with the CH 2 groups of 
the chain. The solvent (W) is modeled as monomers  
which are clusters of water as big as the (statistical) 
units of the chain molecules. The Flory-Huggins param- 
eters are chosen to mimic a lecithin (with tails of 16 
CH 2 segments), for which the RIS-scheme calculations 
have been worked out before [11,12]. The net interac- 
tion between (CH2) 3 and (clusters of) water is about 
XAW = 3, in accordance with the solubility data given by 
Tanford [24], whereas Xaw = - 0 . 5  and XAB = 2.7. The 
value of XAW should be high enough to induce aggrega- 
tion of the lecithin molecules and determines the equi- 
librium concentration of these molecules in the solution 
and the amount of water in the center of the membrane.  
The calculations are not very sensitive to Xaw. The 
actual value of XBw depends on the type of head group 
segments, but must be negative because the net interac- 
tion with water is attractive. The interaction between 
head groups and tails is not considered in most theories. 
In the present model the position of the head groups is 
not fixed but a positive high value for XAB will tend to 
push the head groups out of the center of the mem- 
brane. The solubility of head-group segments in the 
apolar center of the membrane  is assumed to be slightly 
better than that of water (XAB < XAW), but no experi- 
mental data are available. The effects of the interaction 
parameters have been shown in Refs. 12 and 13. 

Fig. 2 shows the segment density profiles of an 
equilibrium membrane (i.e., with a vanishing surface 
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Fig. 2. Segment density profiles through a cross section of a mem- 
brane composed of lecithin molecules ( p = 6, q = 2). The equilibrium 
concentration is 1.6.10 -8 , and the excess free energy is zero. The 
energy parameters are XAW = 3, XaW = --0.5 and XAS = 2.8, where A 
is an apolar segment, B a polar segment, and W represents solvent 

molecules, 

tension)  consis t ing of  leci thin molecules  ( p  = 6 and  
q = 2). In  this case there are no  la tera l  inhomogeni t ies  
and,  consequent ly ,  the results  are  exact ly  the  same as in 
the one-d imens iona l  model .  The  very unfavorab le  tail-  
water  contac ts  cause the center  of  the m e m b r a n e  to be  
a lmos t  devoid  of  water .  Fur ther ,  the segment  dens i ty  
prof i les  show ra ther  b r o a d  d i s t r ibu t ions  ind ica t ing  that  
the chains  do  have a cons iderab le  amoun t  of  confo rma-  
t ional  en t ropy.  The  equi l ib r ium value f rac t ion of  l ip ids  
in the bu lk  so lu t ion  is 1 . 6 . 1 0  -8 . In  the fol lowing calcu-  
la t ions,  where  addi t ives  are  in t roduced  into the system, 
the amoun t  of l ip ids  is chosen so that  this equi l ib r ium 
concen t ra t ion  is essent ia l ly  ident ical .  
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Trans-membrane configuration of a copolymer molecule in 
the bilayer 

The copo lymer  guest  molecule  is mode l e d  by  a chain  
wi th  apo la r  A '  and  po la r  B '  segments .  The  p r ime  de- 
notes  that  the segment  be longs  to the copolymer .  As  we 
want  to invest igate  the effect of  the apo l a r  segments  of  
the guest  molecule  and  that  of  the l ipid,  we a l low the 
na ture  of  segment  A '  to differ  f rom tha t  of A. Like B, 
the po la r  segments  B '  are water  soluble  but,  if desired,  
we can in t roduce  some repuls ion  or  a t t r ac t ion  be tween  
B'  and  B. W e  have chosen  a l inear  symmet r ica l  copo-  
lymer  molecule.  F o r  such a molecule  the two ends have 
mir ror  sequences of  po l a r  and  apo la r  segments .  Since 
the presen t  ca lcula t ions  are  only  for i l lus t ra t ing  a t rans-  
m e m b r a n e  conf igura t ion ,  we re f ra ined  f rom an exhaus-  
tive analysis  and  choose  a rb i t ra r i ly  the fol lowing specific 
copo lymer  which has 200 uni ts  of  which 72 are  po la r :  

(B~ - A '  8 -B~ -A~6 -B~ - A~6 - B ~ -A'16 -B~ -A'8 -B~) 2 (10) 

Fig. 3 shows the segment  dens i ty  prof i les  of  this 
po lyme r  molecule  in a homogeneous  solution.  These  
segment  dens i ty  prof i les  are two-d imens iona l .  The  layers  
and  r ings are r e numbe re d  in such a way  that  the center  
of  the la t t ice  is not  a t  (z ,  R ) = ( 0 . 5 ,  0.5) bu t  at 
(10.5, 10.5). To min imize  the n u m b e r  of  apo la r -wa te r  
contacts ,  the molecule  assumes a co l lapsed  conf igura-  
tion. As  one can see the conf igura t ion  is globular .  N o t e  
that  in our  a p p r o a c h  the molecule  is no t  forced into  a 
g lobular  structure.  I t  cou ld  for  example  have chosen  a 
rodq ike  conf igura t ion  and,  in fact, molecules  of  o ther  
compos i t ion  might  prefer  that .  

In  Fig. 4 copo lymer  molecules  are  i n t roduced  into  
the membrane .  Clearly,  the chain  molecule  has re- 

_ ® 

Fig. 3. Segment density profiles through a cross section of the copolymer given in Eqn. 10 in pure solvent. The R and z axes are shifted so that the 
centre of the copolymer is at (10.5, 10.5). The energy parameters are X^'w = 2.7, Xs'w = 0.5, XA'n' = 2.8. (a) Apolar segments A'. (b) Polar 

segments B'. 
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Fig. 4. Two-dimensional segment density profiles of the membrane given in Fig. 2 in interaction with the guest molecule given in Fig. 3. Additional 
energy parameters: XAA' = 0.8, XBB' = 0, XAB' = XB^" = 2.8; other parameters as in Fig. 2. The copolymer molecule is put in the center of the 
lattice. The lattice layers are numbered arbitrarily. Where expedient, one quarter of the figure is cut out of the profiles to show details to the 
behavior in the center. For this quarter the iso-¢ w lines are plotted. (a) Upper plane: artist's view. Lower plane: iso-¢ w lines. (b) Solvent density 
profiles. (c) Apolar segments of the lipid molecules. (d) Polar segments of the lipid molecules. (e) Apolar segments of the copolymer molecule. (f) 

Polar segments of the copolymer molecule. 

a r r a n g e d  i ts  s e g m e n t s  w i t h  t he  t e n d e n c y  to  h a v e  p o l a r  

m o i e t i e s  l o c a t e d  a t  t h e  o u t s i d e  o f  e a c h  s ide  o f  t h e  

m e m b r a n e .  A t  t h e  b o u n d a r i e s  o f  t he  s y s t em ,  i.e., n e a r  

R = 0 a n d  R = 20, t he  m e m b r a n e  h a s  i t s  u n p e r t u r b e d  
s h a p e .  N e a r  t h e  l a t t i c e  c e n t e r  t h e  s e g m e n t  p r o f i l e s  o f  t h e  

m e m b r a n e  a re  p e r t u r b e d .  H o w e v e r ,  e v e n  a t  t h e  m i d -  



point, where the segment density of the guest molecule 
is very high, some lipid tails are present. 

In the present example, most of the corresponding 
energetic interactions of the polar and apolar segments 
of the two types of molecules are chosen identical. The 
most sensitive parameter for the distribution is the 
interaction between the apolar tails of the lipid mole- 
cules and the apolar segments of the copolymer. To 
obtain a compact segment density of the copolymer in 
the heart of the membrane, this interaction must be 
repulsive. In the present case XAA' = 0.8. Since the guest 
molecule is not of extremely high molecular weight, the 
profiles of the copolymer and the lipid tails do overlap. 
Reducing the value for XAA' would increase this overlap 
and eventually the copolymer would dissolve in the 
center of the membrane to form a more or less ' random'  
coil. A much higher value for XAA' would increase the 
separation between the two types of apolar segments. 
We also generated (not shown) this latter type of mem- 
brane-copolymer structures and found that they exist 
only when the membrane was short of lipids per surface 
area (i.e., the membrane is not in full equilibrium). In 
this case more lipids were offered to the bilayer and the 
copolymer was pushed out of the membrane. This indi- 
cates that very large deviations in membrane properties 
cannot exist in the boundary layers as long as the 
membrane is in equilibrium. 

Other parameters can also be relevant for the incor- 
poration of a copolymer in the membrane. The polar-  
apolar XAB, XA'S, XAS', and ~(A'B' interactions, inher- 
ent in the problem because of the architecture of the 
amphiphilic molecules, can shift the position of the 
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central molecule when variations in the interactions are 
introduced. 

Cluster of four trans-membrane copolymer molecules in 
the bilayer 

As a second example of membrane-copolymer  inter- 
action, we incorporated a more polar chain molecule of 
the same length, with 104 B' segments and the follow- 
ing arbitrary segment sequence: 

(B~0 -A '  4 -B~ -A~0 -B~ -A'5 -B~ -A~o - I ~  -A '  s -B~ -A~0 

-B  E - A'4 - B~o)2 (11) 

In Fig. 5 the segment density profiles of a free 
molecule are indicated. In comparison with Fig. 3 one 
can see that this molecule is more hydrophilic: it has 
more polar parts and does not have long apolar parts. 
Also in this case the structure is almost globular. Due to 
its longer polar parts this copolymer molecule has seg- 
ment profiles that are significantly different from those 
shown in Fig. 3. 

Since this molecule is much more polar, we cannot 
expect the copolymer to incorporate into the membrane 
as easily as in our previous example. Adsorption of the 
copolymer onto the membrane is more likely. As our 
membranes are symmetrical, adsorption on the mem- 
brane surface occurs at both sides simultaneously and, 
consequently, at least two copolymer molecules are in- 
volved. If the chain molecules on the two sides push 
some head groups of the lipids apart, it would be rather 
difficult, if not impossible, for the lipids to fill up the 
space between the sandwich formed by the two copo- 

Fig. 5. Segment density profiles through a cross section of the copolymer given in Eqn. 11 in pure solvent. Energy parameters as in Fig. 3. (a) 
Apolar segments. (b) Polar segments. 
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lymers. This explains why we were also unable to find 
in this case a thermodynamically stable situation with 
two copolymer molecules in the membrane.  Surpris- 
ingly, we observed a very remarkable equilibrium struc- 
ture when four such copolymer molecules were put 
together in the lipid membrane. Fig. 6 gives the segment 
distribution for this situation, which could not be ob- 

tained with the more apolar copolymer. As can be seen, 
a cluster of four molecules did arrange themselves in the 
lipid membrane,  with a clear channel in the center. This 
observation may be the root of an explanation of the 
spontaneous formation of pores, allowing cross-mem- 
brane transport. Of course, we do not claim that this 
structure is the only (thermodynamically) stable one. 
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Fig. 6. Two-dimensional segment density profiles of  the membrane given in Fig. 2 in interaction with four copolymers as given in Eqn. 11. The 
additional interaction parameters are: XAA" = 0.7, Xaa' = 0.5, and XAs' = XA'a = 2.8. (a) Upper  plane: artist 's view. Lower plane: iso-e~ w lines. (b) 
Solvent density profiles. (c) Apolar segments of  the lipid molecules. (d) Polar segments of the lipid molecules. (e) Apolar segments of the four 

copolymer molecules. (f) Polar segments of the four copolymer molecules. 



For instance, clusters with three or five copolymer 
molecules could have been more favorable but we have 
not investigated such possibilities systematically. As in 
our first example, we have introduced a repulsion be- 
tween the apolar segments of the copolymer and the 
lipid tails: XAA,=0.7. We also assumed a repulsion 
between the two types of polar segments: XBa' = 0.5. 
This repulsion did also contribute to the partitioning 
between the polar segments of the lipid head groups 
and the probe. When the apolar segments mix better, 
the four copolymers would feel even better at their 
present position. The hydrophilic heart of the aggregate 
shows that 'proteins'  can spontaneously form hydro- 
philic pores through which the transport of polar mole- 
cules may occur. 

In many experimental studies on membrane protein 
interactions, high prote in/ l ip id  ratios are encountered. 
Our second example may be relevant for these studies. 

Lateral phase separation 
Fig. 7 shows the segment density profiles of a homo- 

geneous membrane composed of lecithin molecules of 
p' = 7 apolar and q" = 3 polar segments. For this mem- 
brane the excess free energy (and hence the surface 
tension) is zero and the equilibrium lipid volume frac- 
tion in the solution is: 8.6- 10 -1° . As compared with the 
segment density profiles given in Fig. 2, this membrane 
is slightly thicker because the apolar tails of the lipids 
are one unit longer. Therefore, the equilibrium volume 
fraction in the solution is lower. 

Fig. 8 shows the two-dimensional segment density 
profiles of the two molecules ( p '  = 7, q '  = 3 mixed with 
p = 6 ,  q = 2 )  in one system. In this case (z, R ) =  

1.0 ta i ls  water  

O.B 
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Fig. 7. Segment density profiles of a cross section through a homoge- 
neous membrane  composed of lecithin molecules with p'= 7 and 

q '  = 3. Interaction parameters as in Fig. 2. 
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(10.5, 14.5) is the center of the lattice. We assigned a 
repulsion between the two types of apolar segments: 
XAA' = 0.5 and a stronger repulsion between segments 
of the two types of head groups: XBB' = 1. These repul- 
sions cause a lateral phase separation. Studying the 
segment density profiles reveals that in the boundary 
area the concentration of solvent is slightly higher than 
in either of the two homogeneous membrane phases. 
This is caused by the fact that the two molecules avoid 
each other, and thus the water molecules enter to fill the 
space. High solvent concentrations are, however, not 
found in the interfacial region between the two lipids. 
The energetic effect of exposing tails to water is so 
unfavorable that the tails fill up most of the space. Very 
extreme situations are needed to find an interracial 
region in which the water concentration is high. There 
are no indications of membrane rupture. 

Conclusions 

We have extended our Self-Consistent Field theory 
of associated amphiphilic molecules to include inhomo- 
geneities in two directions. The potentials of the model 
are demonstrated by applying it to the incorporation of 
guest molecules into lecithin membranes. Two examples 
of membrane-copolymer interactions are discussed, a 
trans-membrane copolymer and a cluster of four poly- 
mers in the lipid membrane. In the latter the four 
molecules associated to form a channel, through which 
transport of hydrophilic molecules is possible. In the 
membranes, the conformations of these copolymers dif- 
fered dramatically from those in an aqueous solution. 

We also studied lateral phase separation in mem- 
branes consisting of two different lipids. The boundary 
layer between the two lipid phases was found to be as 
hydrophobic as in either phase. 

The present theory is specifically useful for systems 
which are characterized by inhomogeneities in inter- 
faces such as: adsorption of chain molecules on hetero- 
geneous surfaces, surfactant adsorption (formation of 
hemimicelles), reverse micelles in membranes, etc. It is 
possible to improve the present theory in various re- 
spects. One could think of correcting for backfolding by 
incorporating the rotational isomeric state scheme 
[11,12] and accounting for an anisotropic orientational 
molecular field [11,14] to improve on modeling the 
excluded volume of the other chains. 

In the present model a cylindrical symmetry is im- 
posed on the concentration profiles. This may be a poor 
approximation for proteins in a membrane. It is possi- 
ble to relax this restriction somewhat by replacing the 
circular lattice rings by elliptical tings, similar to the 
approach described in Refs. 15 and 25, and check 
whether such an elliptical symmetry has a lower free 
energy. 
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Fig. 8. Two-dimensional segment density profiles of two nonmixing types of lipid molecules given in Fig. 2 ( p  = 6, q = 2) and Fig. 7 ( p '  = 7, 
q ' =  3). The additional energy parameters are: XAA' ~ 0.5 and XBB' =1 .  (a) Upper  plane: artist 's view. Lower plane: iso-Ow lines. (b) Solvent 
density profiles. (c) Apolar segments p = 6. (d) Polar segments q = 2. (e) Apolar segments p '  = 7. (f) Polar segments q '  = 3. 
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